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Abstract

Experiments were conducted on the maximum and terminal penetration depths of fountains of light fluid, issuing vertically down-
wards into quiescent denser fluid. Fresh water jets into saltwater, and hot water jets into fresh cold water were investigated. The source
Richardson numbers extended from 0.01 (jets) to 1 (plumes). Circular and three other different shape nozzles have been employed. The
normalized penetration depth is constant for jets, while it decays exponentially in plumes. Numerical evaluation of the penetration depth
has indicated the need for reevaluation of the entrainment coefficient, in negatively buoyant jets.
� 2008 Elsevier Ltd. All rights reserved.

Keywords: Buoyant jet; Negative buoyancy; Fountain; Mixing; Penetration depth; Modelling
1. Introduction

The treated liquid or gas wastes of many societies are
naturally ubiquitous in diluted form. For these, a rapid dis-
charge to the environment is often the best way of recy-
cling. The initial dilution can be accomplished by means
of turbulent buoyant jets and plumes, because they entrain
large volumes of ambient fluid and mix it with the dis-
charge fluid. The actual discharge arrangement can often
be as simple as the open end of a submerged pipe. In many
cases though much thought and expense must be given to
design a structure, which enables us to achieve much higher
initial dilution, in order to minimize the immediate effect of
the discharge on the environment. The discharge devices
which can be either man made ocean outfalls, or chimney
stacks, or natural deep water sea vents, are usually posi-
tioned at the lowest point of the receiving fluid. The dis-
charged fluid density is generally different from that of
the receptor which is due to either different temperature
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or chemical composition, or to suspended particles. The
resulting buoyancy forces can have a great effect on both
the mean flow and mixing characteristics. Researchers have
tried to understand the fundamental physical mechanisms
governing turbulent buoyant jets and plumes for the past
five decades. They have also developed methods to predict
these flows.

The jet fluid is usually lighter and therefore positively
buoyant, meaning that it can move vertically upwards. In
many cases though, the density of the discharged fluid
may be greater from that of the receiving fluid. Positively
buoyant jets and plumes in a uniform calm ambient have
been investigated thoroughly since the pioneering works
of Rouse et al. [1] and Morton et al. [2]. Their flow field
properties have been measured in the full range, jets,
plumes and transition by Papanicolaou [3] and Wang and
Law [4], and accurate models for their prediction have been
developed by List and Imberger [5], Muellenhof et al. [6],
Wood et al. [7], and Jirka [8], using the experimental data
of the previous investigations. In all models the entrain-
ment coefficients and jet growth characteristics measured
in positively buoyant jets, verify the experiments quite
accurately.
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Nomenclature

A cross-section area
B initial specific buoyancy flux at the nozzle
bc jet lateral dimension where Dq(z, r) =

(1/e)Dq(z, 0)
bw jet lateral dimension where w(z, r) = (1/e)w(z, 0)
C constant of proportionality
Cp jet width parameter
D jet diameter
e base of Neperian logarithm, 2.718. . .
F0 initial jet Froude number
g gravitational acceleration
g00 [(qa � q0)/q0]g
lM characteristic length scale, M3/4/B1/2

lQ characteristic length scale, Q/M1/2

m(z) specific momentum flux at distance z

M initial specific momentum flux at the nozzle
Q initial volume flux at the nozzle
r radial distance from axis
R hydraulic radius
Re Reynolds number
R0 initial jet Richardson number
Rp plume Richardson number
R(z) Richardson number at distance z

S average dilution, l(z)/Q
t time
T0 jet temperature
Ta ambient temperature

T(z) average over the cross-section temperature
w(z, r) time-averaged axial velocity at (z, r)
W jet exit velocity
z vertical distance from nozzle
z0 location of the jet virtual origin
Z terminal penetration depth
Zmax maximum penetration depth

Greek symbols

a entrainment coefficient
b(z) specific buoyancy flux at distance z

Dq0 qa � q0

Dq(z, r) qa � q(z, r)
Dq(z) qa � q(z)
DT0 T0 � Ta

DT(z) T(z) � Ta

k bc/bw

l(z) volume flux at distance z
q(z, r) jet time-averaged density at (z, r)
q(z) average over the cross-section density

Superscripts and subscripts

( )0,j jet characteristic value
( )p plume characteristic value
( )a ambient fluid characteristic value
( )c characteristic value at centerline
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Negatively buoyant jets for which gravity forces oppose
their movement, are called fountains. Turbulent fountains
are formed when a continuous jet of dense fluid is injected
rapidly upwards into a less dense environment, or when a
continuous jet of buoyant fluid is injected downwards, into
a denser environment (see [9–11]). They arise in a number
of important situations both in engineering and in nature.
Applications include the forced heating or cooling of large
enclosures, such as large assembly line factory spaces, and
buildings or rooms. During the heating or cooling of a
room, a jet of air at different temperature may be forced
into the room through a floor or ceiling vent. Other appli-
cations include the disposal of brines or heavier industrial
wastes into the ocean, and the improvement of water qual-
ity by forced mixing in reservoirs, small lakes and harbors,
or fjords. Jet mixing in a tank is used industrially to blend
fresh fluid with the contents of a tank. Geophysical buoy-
ant jets resulting from temperature (or salinity) differences
can occur in the ocean and in magma chambers near the
crust of the earth. Other examples of natural fountains
are the evolution of volcanic eruption columns investigated
by Woods and Caufield [12], and the replenishment of
magma chambers in the Earth’s crust by Turner and
Campbell [13] and Campbell and Turner [14].
Turbulent fountains in a uniform calm ambient have
been investigated for a long time since Turner’s [9] pioneer-
ing work. The mechanics of their mixing is of great interest
for design engineers, who desire to optimize the dilution of
heavier fluid into a volume of lighter one. The turbulent jet
behavior depends on three groups of factors: (i) jet param-
eters, (ii) environmental parameters, and (iii) geometrical
factors. The first group includes the initial jet velocity dis-
tribution and turbulence level, the jet mass, momentum,
and tracer (such as heat, salinity, or contaminant) flux.
The second group of variables includes the ambient fluid
parameters, such as turbulence level, currents, and density
stratification. These factors usually begin to influence jet
behavior at some distance from the orifice. The geometrical
factors include the jet shape, its orientation and proximity
to solid boundaries or to the free surface.

Negatively buoyant jets are somewhat more interesting
than positively buoyant ones, because the buoyancy force
and momentum compete. Very little is known about the
transient character of negatively buoyant jets upon start-
up. Their mechanics is more complicated by the fact that
buoyancy is acting in a direction opposite to that of the ini-
tial flow. Therefore, the reversing buoyancy reduces the
flux of momentum, and the vertical velocity vanishes at
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some distance from the source. The jet reaches its maxi-
mum penetration length soon after startup then it reverses
its direction and flows back onto itself as a fountain.
Turner [9] showed that the properties of a vertical dense
jet issuing vertically upwards from a small source into a
calm uniform environment are mainly governed by the ini-
tial specific jet momentum and buoyancy fluxes. The turbu-
lent interaction between the up-flow and down-flow
restricts the rise of fluid any further, thus immediately
reducing the initial fountain height to a smaller terminal
value. This observed final height was related to the momen-
tum and buoyancy fluxes at the source, using dimensional
arguments. The finding was that the terminal, steady state
jet penetration normalized by the jet diameter, varied line-
arly with the initial densimetric Froude number, and it was
verified experimentally. Several investigations have been
completed since, regarding vertical negatively buoyant jets
in a motionless uniform ambient. Temperature measure-
ments have been performed by Seban et al. [15] in a heated
air-jet discharged downwards. The stable stratification
formed by a fountain has been studied by Baines et al.
[11], once it falls back and spreads along the floor of the
dispersion chamber, re-entraining some of the already
mixed heavier fluid. Measurements of the penetration
height of fountains have been reported by Demetriou [16]
and Zhang and Baddour [17], for a wide range of initial
densimetric Froude numbers. The effects of cross flows
and angle of injection on negatively buoyant jets have been
studied by Lindberg [18]. Pantzlaff and Lueptow [19] inves-
tigated the evolution (transient character from startup to
steady state) of positively and negatively buoyant jets.
They have applied laser induced fluorescence imaging,
and particle image velocimetry, to study the velocity field
of a fountain near the top and at the bottom of a tank.
Recently, Bloomfield and Kerr [20] have reported measure-
ments of a vertical fountain out of a pipe, regarding the
maximum and terminal penetration heights in a uniform
calm ambient.

1.1. Dimensional arguments – review of earlier experiments

Consider a jet of lighter fluid, issuing vertically down-
wards from a ‘point’ source, into a homogeneous calm
ambient of higher density. We assume that the jet starts
abruptly discharging constant volume flux of lighter fluid.
During the early stages of the flow (transient period), the
jet mixes with heavier ambient fluid, which applies an
opposing (buoyancy) force to the jet fluid, that reaches a
maximum depth Zmax. Then, it folds up forming an up-
flow region which surrounds the down-flow region of the
jet. The result is that the down-flow jet mixes with the hea-
vier up-flow fluid, applying an opposing momentum which
results in a lower, steady state, terminal penetration depth
Z. Full description of the mechanics of jets with reversing
buoyancy has been presented by Turner [9].

The terminal, steady state vertical penetration depth Z

of the jet, depends upon the variables characterizing the
source conditions. Ignoring viscosity (the jet is assumed
to be turbulent), a general functional relationship for the
dependent variable Z is

Z ¼ f ðQ;M ;BÞ: ð1Þ

Q is the source volume (specific mass) flux, M and B are the
specific momentum and buoyancy fluxes, respectively,
computed as

Q ¼ pD2

4
W ; M ¼ QW ; B ¼ qa � q0

q0

gQ ¼ g00Q: ð2Þ

In the above relationships, D is the jet diameter, W is the
uniform jet velocity at the nozzle, g is the gravitational
acceleration, q0 and qa are the jet and ambient fluid densi-
ties, respectively.

Fischer et al. [21] have defined two length scales based
upon the initial kinematic buoyant jet characteristics as

lQ ¼
Q

M1=2
and lM ¼

M3=4

B1=2
: ð3Þ

Their ratio lQ/lM is defined to be the initial buoyant jet
Richardson number R0

R0 ¼
lQ

lM
¼ QB1=2

M3=4
¼ p

4

� �1=4
ffiffiffiffiffiffiffiffi
g00D

p
W

; ð4Þ

which is inversely proportional to the initial jet densimetric
Froude number F 0 ¼ W =

p
g00D.

From Eq. (1), using Eqs. (3) and (4), we may deduce two
dimensionless terms, the terminal normalized penetration
depth Z/lM or Z/lQ and the initial jet Richardson number
R0. Thus Eq. (1) may be written as

Z
lQ
¼ f ðR0Þ or

Z
lM
¼ f ðR0Þ: ð5Þ

In case that the initial jet momentum flux M is large enough,
if compared to the buoyancy flux B (R0 is small, jet-like
flow), we may ignore the source volumetric discharge Q,
since the local volume flow rate l(Z)� Q. Thus
Z = f(M,B) and by dimensional arguments of Turner [9]

Z
lM
¼ C; ð6Þ

C being a constant. Applying the same dimensional argu-
ments, the maximum penetration depth Zmax can be scaled
accordingly

Zmax

lQ
¼ f ðR0Þ or

Zmax

lM
¼ f ðR0Þ; ð7Þ

while for initially jet-like flows (small R0), neglecting Q the
ratio Zmax/lM, must also be a constant.

Earlier investigators have used different representations
of Eq. (6) to determine the constant of proportionality.
We have reworked the experimental data and we have
reevaluated the proportionality constants. In Fig. 1 we
have plotted all the data collected by earlier investigations,
using the same dimensionless variables Z/lM and R0, while
in Table 1 we tabulate the constants calculated from avail-
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Fig. 1. Normalized penetration heights reported in earlier experiments,
plotted against the initial jet Richardson number R0.

Table 1
Normalized penetration heights reported in earlier experimental
investigations

Investigator Zmax/lM Z/lM

Turner [9] – 1.77 (3.17)
Seban et al. [15] – 1.86
Demetriou [16] 2.625 2.18
Morala [11] – 1.84
Reedman [11] – 1.53
Baines et al. [11] – 1.87
Lindberg [18] – 2.40
Zhang and Baddour [17] – 2.11
Pantzlaff and Lueptow [19] – 1.57
Bloomfield and Kerr [20] 2.325 1.71

The constant in parenthesis corresponds to Turner’s uncorrected data.

Table 2
Dimensions of the dispersion tanks (m) used in earlier experiments

Author Cross-section Depth

Turner [9] 0.45 � 0.45 1.40
Demetriou [16] 1.20 � 1.20 1.55
Lindberg [18] 3.64 � 0.405 0.508
Zhang and Baddour [17] 1 � 1 1
Pantzlaff and Lueptow [19] D = 0.295 0.89
Bloomfield and Kerr [20] 0.40 � 0.40 0.70
Present experiment 0.80 � 0.80 0.94
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able data. The data used are from Turner [9], Baines et al.
[11], Seban et al. [15], Demetriou [16], Zhang and Baddour
[17], Pantzlaff and Lueptow [19], Lindberg [18] and Bloom-
field and Kerr [20]. The data referred to as Reedman and
Morala have been copied from Baines et al. [11]. In the
data published by Lindberg [18] and Bloomfield and Kerr
[20], there is no information regarding the initial jet Rich-
ardson number R0, therefore we plot two lines at
C = 2.40 and 1.71, respectively. The data from Turner [9]
have been corrected since Turner indicated C = 1.85, while
from Fig. 5 of the reference, the constant of proportionality
is noticeably higher (C > 3).

From Table 1, we may note that the constant of propor-
tionality is quite different in each investigation. The aver-
age value of C is 2.19, while the standard deviation is
0.57, which is quite high. This may be due to the fact that
either the initial buoyant jet parameters have been miscal-
culated, or the experimental tanks that were quite different
in size (Table 2) have had an effect on the flow. The exper-
imental constants regarding both, Zmax and Z are quite
equivocal, since different authors propose different con-
stants. We believe that the discrepancy may be due to
errors made from the following factors:

1. Geometrical, related to the size of the mixing tank, if
compared to the jet spreading width. In Table 2 we sum-
marize the size of mixing tanks used in different experi-
ments. The side walls of narrow tanks may interfere with
jet spreading more than those of wider tanks. The jet
size (visual width) is approximately 4bc � 0.50z, bc being
the 1/e width based upon the time-averaged jet concen-
tration profile [3] and z the distance from the nozzle. The
mechanics of the jet is affected by the induced recircula-
tion in the tank. If the jet is close to the tank walls, the
recirculating flow applies shear stress to the jet bound-
ary, thus altering its momentum flux. For centered jets
with widths not exceeding 25% of the horizontal dimen-
sion of the tank, the recirculation effect is minimized.

2. Initial jet parameter estimates, such as the jet volume
flux, momentum and buoyancy fluxes. We think that
the error in the measurement of the volume and buoy-
ancy fluxes is the same in all experiments, since the flow
meters used and the accuracy in density measurement
are quite standard. There may be some problem in the
initial momentum estimate, since the velocity profile at
the jet exit has not been measured. Jets out of nozzles
at reasonably large Reynolds numbers have more or less
uniform velocity profiles [22], and the initial momentum
can be accurately estimated. Jets out of pipes, especially
those at low Reynolds numbers, have greater momen-
tum than that with uniform exit velocity distribution.

3. Error in the length estimates from pictures or images of
the flow. The penetration depths are estimated from the
flow images such as pictures, shadowgraphs or laser
tomography via induced fluorescence. Once the scale is
determined, laser tomography gives the most accurate
length measurements. Photography of dyed jets and
shadowgraphs may be affected by the refractive index
differences between the air, glass and mixing tank liquid.

Most of the available experiments are focused on the
maximum and terminal penetration heights (or depths),
rather than on the description of their flow field. The mea-
surements made by Seban et al. [15] and Pantzlaff and
Lueptow [19] cannot be conclusive, since they don’t give
any indication of the jet flow field characteristics, such as
the entrainment coefficient and the average dilution at the
maximum penetration, respectively.

In the present investigation we are going to determine the
constant of proportionality C from experiments of two
types of fountains, with or without preserving buoyancy.
We are also going to report data regarding the maximum
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penetration (wherever it is possible), as well as the transient
characteristics of the fountain, before it reaches steady state.
Finally, we will attempt to predict the maximum penetration
via 1D modeling, using earlier data regarding the entrain-
ment and growth of positively buoyant jets.
2. Experiments

2.1. The experimental set-up

Experiments have been carried out at the Hydrome-
chanics and Environmental Engineering Laboratory of
the University of Thessaly. The experimental apparatus
was a 94 cm deep tank made of 1.25 cm thick glass, with
square cross-section 80 cm � 80 cm.

A jet of lighter fluid pointing vertically downwards was
positioned near the free surface at the center of the tank
cross-section. The jet plenum consisted of a 25 cm long,
4 cm i.d. PVC tube, part of which was filled with sponge
followed by a 6 cm long honeycomb section. Thus, possible
large eddies which might affect the jet initial conditions
were destructed and the flow was straightened. A flexible
supply tube was mounted at its entrance section, and the
jet nozzles were mounted at its exit section. Four round
nozzles of 0.5, 1, 1.5 and 2 cm in diameter have been used,
along with three different shape nozzles, a square, a trian-
gular with equal sides and an orthogonal with a 2:1 side
ratio, all of them with rounded corners. The jet nozzle ele-
vation was set around 10 cm below the free surface. In the
present experiment we ensured that the jet width did not
exceed 25% of the horizontal tank dimension (jet maximum
rise height was lower than 40–50 cm), thus ‘eliminating’ the
unnecessary shear due to the recirculation inside the tank.

Two sets of experiments have been conducted. One
where the initial jet specific buoyancy flux was conserved,
and one where it decayed. For the first set of experiments,
the tank was filled with saltwater at the desired density,
while the jet fluid was fresh, tap water. A constant head
tank was used as the jet supply in order to obtain the
desired steady discharge of light fluid throughout the
experiment. The tank fluid was stirred to become homoge-
neous and allowed to settle for about 20 min prior to a test.
The temperatures of the jet freshwater and tank saltwater
were practically identical, close to the room temperature,
to minimize thermal effects on the flow. The density differ-
ence between jet and ambient fluid, the jet diameter and
Table 3
Range of the experimental parameters used in saltwater jets with different noz

Nozzle Round Orthogonal

# runs 46 15
D,R (cm) 0.5, 1.0, 1.5, 2.0 0.277
qa (g/cm3) 1.007–1.021 1.006–1.023
q0 (g/cm3) 0.995–0.997 0.995–0.996
Re 770–5840 745–4540
R0 0.016–0.973 0.071–0.632
discharge were chosen properly, in order to obtain the
desired initial jet Richardson number R0. Throughout a
test, the fresh water jet discharge was controlled by a pre-
cision vane, and monitored with a system of three flow
meters. In the first set of experiments, all different nozzle
shapes have been used for comparison.

For the second set of experiments, we filled the tank
with fresh water, while the jet fluid was hot water. The
hot water supply consists of an electric water heater with
a recirculation pump, used to make the jet fluid homoge-
neous. The water heater was pressurized before each test,
and the jet inlet tube was properly insulated. The jet fluid
was bypassed and disposed, until a temperature sensor at
the jet plenum entrance showed constant temperature for
the jet fluid. Then the test started. The desired initial jet
Richardson number for each test was obtained by varying
appropriately the jet temperature (density), diameter, and
discharge. The flow rate was controlled by the same system
of flow meters, used for the first set of experiments. In the
second set of experiments, only round nozzles have been
used.

The fountain flow was made visible by the standard
shadowgraph technique. Using a slide projector as a light
source, the jet flow field was projected on semitransparent
white paper along with two square grids 5 cm � 5 cm
drawn on the two opposite side glasses of the tank, that
are normal to the direction of the beam of light. The jet
flow field image was recorded with a digital video camera
at a rate of 25 fps. This procedure allowed for the fountain
heights to be measured on each frame, and an average
value of the fluctuating terminal height to be estimated
over a period of time. From each frame, the penetration
depth was estimated as the average value measured in both
grid systems. From optical calculations neglecting the glass
panel thickness, considering the refraction of the projection
rays, we have come to the following conclusions: (1) The
projected grid spacing was square within 1 mm, when the
light projector was positioned at a distance greater than
4 m from the front glass panel. (2) Errors in the penetration
depth estimate did not exceed 0.3 cm, in case it did not
occur at the jet axis but at distances r = ±5 cm off axis.
2.2. Parameters used in the experiments

A large number of experiments were conducted by Kok-
kalis [23] to investigate the penetration depths in the full
zle sections, and in heated round jets

Square Triangular Round-Hot

12 11 23
0.265 0.256 0.5, 1.0, 1.5, 2.0
1.006–1.023 1.006–1.023 0.9965–0.9973
0.995–0.996 0.995–0.996 0.9757–0.9866
900–5500 900–5440 1030–15,370
0.052–0.469 0.054–0.455 0.019–0.797
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range of initial jet Richardson numbers R0. In the fresh
water–salt water experiments all different types of nozzles
were used besides the circular ones, while in the hot–cold
water experiments only jets out of round nozzles were
investigated. The jet nozzle diameter (or the hydraulic
radius R, for non-circular nozzles), and the range of the
basic experimental parameters are summarized in Table
3. One may note that the initial buoyant jet Reynolds num-
bers exceeded 700, meaning that the transition to turbu-
lence occurred within five jet diameters from the nozzle.
Also, the initial jet Richardson numbers R0 in fresh and
hot water circular jets extend in the full range, from very
small (0.016) corresponding to initially jet-like flow to
about 1 for plumes, because of the flexibility of using round
nozzles with four different diameters. The R0 range in the
non-circular nozzles was limited to values above 0.05,
because there was only one nozzle of a kind available.

3. Results and discussion

The finite volume of the tank did not appear to affect the
transient character of the buoyant jet, because the jet is far
Fig. 2. Sequence of photos taken from (a) a starting buoyant jet, (b) at the max
steady state, penetration depth Z. Buoyant jet parameters are: D = 1 cm, Dq =
from the side walls, and it disperses as if it were in an
unbounded ambient. Flow visualization of the transient
character of a negatively buoyant jet is shown in Fig. 2.
The jet initially penetrates downward into the dense liquid
in Fig. 2a. Then it reaches the maximum penetration depth
Zmax in Fig. 2b, as the momentum flux vanishes. Subse-
quently, the flow reverses in the upward-moving annular
region in Fig. 2c, and decreasingly it reaches steady state,
oscillating around the terminal penetration depth Z, in
Fig. 2d. The upward momentum is not large enough, to
eliminate the downward flow from the nozzle. Looking at
the videos from the experiments, we have noticed that no
reverse flow reaches the elevation of the nozzle, before
the front has reached the maximum penetration depth,
regardless of the initial jet Richardson number. The tran-
sient behavior of turbulent fountains has also been dis-
cussed by Turner [9] and Pantzlaff and Lueptow [19].

The oscillation of steady state penetration depth can be
clearly observed in Fig. 3, depicting the temporal evolution
of the terminal depth. It is evident that following the
abrupt start-up, the jet reaches the maximum penetration
depth Zm, after a short time. Following Pantzlaff and
imum penetration depth Zmax, (c) descending flow, and (d) at the terminal,
14 g/l, W = 19.95 cm/s, R0 = 0.173.
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Lueptow [19], we have plotted the dimensionless penetra-
tion depth Z(t)/lM versus the normalized time t(B/M) for
round jets of different diameters at different initial Richard-
son numbers. We observe that the maximum penetration
depth occurred at times that are lower than 5, while at
greater times it oscillated around a mean, steady state ter-
minal value. For higher initial Richardson numbers
(greater than 0.1), we observe that the terminal normalized
penetration depth is lower than 2, while for jet-like flows it
is around 2. In the heated jet we could not record the max-
imum penetration depth, because of the transient jet tem-
perature during the startup of each experiment. At higher
initial Richardson numbers when the buoyant jet is
plume-like, the penetration depth is quite limited and mix-
ing with ambient fluid is marginal. The frequency of oscil-
lation is a function of the jet nozzle diameter, given that the
flow consists of ‘periodic’ large eddies, the frequency of
which depends upon the natural frequency of eddies form-
ing at the nozzle and the distance Z from it.
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Fig. 5. Round hot water jets. Normalized terminal penetration depths
(solid circles), maximum terminal depth model predictions when z0 = 0
(squares) and z0 = 3.28D (crosses).
3.1. Terminal penetration depth

The normalized maximum and terminal penetration
depths of round (buoyancy preserving) negatively buoyant
jets is plotted in Fig. 4 as a function of the initial Richard-
son number R0. When R0 is lower than 0.2, the normalized
penetration depths Z/lM and Zmax/lM seem to take con-
stant values around 2.0 and 3.0, respectively, result which
is congruent with dimensional analysis. When R0 is greater
than 0.3, both penetration depths are drastically reduced.
Therefore, for round vertical fountains we may state that
the terminal penetration depth oscillates around a distance
2lM from the nozzle, while Zmax � 3lM. The experimental
values obtained in the present investigation are higher from
that of Turner’s [9] corrected data, similar to those
reported by Demetriou [16] and Zhang and Baddour [17],
and higher from those measured by Pantzlaff and Lueptow
[19] and Bloomfield and Kerr [20]. We believe that a value
of constant C around 2 is reasonable, because the tanks
used in the present investigation and those by Demetriou
[16] and Zhang and Baddour [17], are of about the same
size. They are quite large, with minimal boundary effects
on the dynamics of the negatively buoyant jet. The mea-
surements of Zhang and Baddour [17] were extended to
R0 � 3, initial Richardson number which is very high,
meaning that the length scale lM is a fraction of the jet noz-
zle diameter. Efficient mixing under these circumstances
cannot be obtained since Z/lM < 1, meaning that jet pene-
tration does not exceed one jet diameter.

In a vertical hot water round jet with reversing buoy-
ancy, the initial jet buoyancy flux cannot be preserved.
When the jet mixes with ambient fluid, its temperature
and subsequently the coefficient of thermal expansion of
water is reduced, resulting in reduced local buoyancy flux.
Therefore, the buoyancy force opposing the jet movement
is reduced. One could expect a dramatic increase of coeffi-
cient C in Eq. (6), but this is not the case. Plotting the nor-
malized penetration depth Z/lM as a function of R0, we can
observe in Fig. 5 that for R0 lower than 0.3, C � 2. This is
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not any different from the constant we obtained for round
fresh water jets in saltwater. Thus, we can state that hot
water negatively buoyant jets, behave as negatively buoy-
ant (buoyancy preserving) jets. This is probably due to
the fact that the initially jet-like flow turns into plume-like
after a short distance from the nozzle, and the reversing
buoyancy which has already reduced the initial jet momen-
tum flux drastically, takes over.

The maximum penetration depth in the case of hot
water jets could not be obtained, since the jet plenum
was initially filled with cold water before we supplied it
with constant temperature hot water. After start-up, when
B = 0, there was a transient jet of increasing temperature,
thus increasing B for a short time, during which lM was
not constant. Therefore, Zmax could not be obtained, while
Z was obtained once the jet temperature became constant.
It is evident from Fig. 5 that the constant C is reduced,
when R0 > 0.3.

The results regarding buoyancy preserving non-circular
jets are plotted in Fig. 6, where we have plotted Z/lM and
Zmax/lM versus R0, for jets with orthogonal, square and tri-
angular sections. They are limited to R0 greater than 0.05,
since there was only one size available for each nozzle. It
would be of interest to investigate the full range of initial
Richardson numbers. From the available data, one may
observe that negatively buoyant jets with triangular and
square nozzle sections penetrate around two characteristic
lengths (2lM) into the ambient, while the maximum pene-
tration is slightly below 3lM. The jets with an orthogonal
2:1 nozzle section penetrate at shorter depths, meaning that
they entrain more ambient fluid than the circular, square or
triangular ones. Buoyant jets from the same orthogonal
nozzle in a linear density gradient investigated by Konstan-
tinidou and Papanicolaou [24], have shown similar behav-
ior, since the elevation of lateral spreading was lower, if
compared to that for round jets. Elliptical pure jets with
2:1 axis ratio have also been reported by Ho and Gutmark
[25] to entrain ambient fluid at higher rates, if compared to
the round ones. This must be investigated in greater detail,
and it might be a suggestion towards the direction of
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Fig. 6. Non axisymmetric salt water jets. Normalized maximum and
terminal penetration depths of triangular (solid triangles and open
triangles), square (solid squares and open squares), and orthogonal (long
bars and short bars) nozzles, respectively.
enhancing mixing by buoyant jets, using nozzle shapes that
are more efficient than the axisymmetric ones. From Fig. 6,
it is evident that the normalized maximum penetration
depth is reduced, when R0 > 0.3.

3.2. One dimensional modeling

The local specific mass, momentum and buoyancy fluxes
in a vertical buoyant jet, can be computed from the time-
averaged Gaussian velocity w(r,z) and density deficit
Dq(r,z) profiles over a cross-section A as

lðzÞ ¼
Z

A
wðr; zÞdA ¼ pb2w;

mðzÞ ¼
Z

A
w2ðr; zÞdA ¼ pb2w2

2
;

bðzÞ ¼
Z

A
g

Dqðr; zÞ
q0

wðr; zÞdA ¼ pðDqc

q0

Þgwb2 k2

1þ k2
:

ð8Þ

Then, the 1D differential equations of continuity, z-momen-
tum and buoyancy conservation are written

dl
dz
¼ 2

ffiffiffiffiffiffi
2p
p

am1=2;

dm
dz
¼ 1þ k2

2

lb
m
;

db
dz
¼ 0;

ð9Þ

where k = bc/bw is defined to be the 1/e temperature or den-
sity deficiency to velocity width ratio. The initial conditions
for the integration are

lð0Þ ¼ Q ¼ pD2

4
W ; mð0Þ ¼ M ¼ pD2

4
W 2;

bð0Þ ¼ B ¼ qa � q0

q0

gQ ð10Þ

where W is the jet velocity at the nozzle. The theoretical
flow origin can be assumed to be either at z = 0, or follow-
ing List and Imberger [5] at a distance z0 from the nozzle
computed from the jet width parameter:

Cp ¼
l

zm1=2
ð11Þ

evaluated by Papanicolaou and List [26] to be 0.27. Substi-
tuting the initial jet volume and momentum fluxes in Eq.
(12) one has that

Cp ¼
Q

z0M1=2
) z0 ¼

Q

CpM1=2
¼ ‘Q

Cp

¼
ffiffiffi
p
4

r
D
Cp

¼ 3:28D:

ð12Þ

From the solution of the above system of differential equa-
tions we can only predict the maximum terminal penetra-
tion depth Zmax, since we have not taken into account
the reverse flow, so that we can predict the steady state ter-
minal height of rise Z.

In the case of heated jets, the initial jet specific buoyancy
flux cannot be conserved (db/dz 6¼ 0), that is due to the
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change of density with temperature (thermal expansion
coefficient of water). For temperatures in the range of
15–65 �C, the density of tap water as a function of the tem-
perature may be approximated by the relationship

qðT Þ ¼ �0:0038T 2 � 0:0685T þ 1001:05; ð13Þ
where T is in �C and the water density is in g/l [27]. If at a
distance z from the origin the average over a cross-section
temperature is T(z) and the buoyancy flux is b(z), then at
distance z + Dz they will be T(z + Dz) and b(z + Dz),
respectively. Assuming heat flux conservation, one can
write

QDT 0 � lðzÞDT ðzÞ; ð14Þ
neglecting the heat flux transported by turbulence that is
10–15% of the total [26]. Then, the corresponding buoy-
ancy flux b(z + Dz) may be computed from equation

bðzþ DzÞ ¼ lðzþ DzÞDqðzþ DzÞ
q0

g; ð15Þ

where q(z + Dz) = f[T(z + Dz)] according to the relation-
ship presented earlier.

For the integration of the system of differential equa-
tions we can use the parameters reported by Papanicolaou
and List [26] regarding the entrainment coefficient a and
width ratio k

aj = 0.0545 (jets) ,
ap = 0.0875 (plumes) ,
kj = 1.20 (jets),
kp = 1.067 (plumes).

Furthermore, the entrainment coefficient and the width
ratio are assumed to be functions of the local buoyant jet
Richardson number R(z), and may be evaluated from
equations suggested by List in Fischer et al. [21]

a ¼ aj exp lnðap=ajÞ
RðzÞ
Rp

� �2
 !

and

k ¼ kj exp lnðkp=kjÞ
RðzÞ
Rp

� �2
 !

; ð16Þ

or alternatively by a relationship based on energy conserva-
tion, that was proposed by Priestley and Ball [28]

a ¼ aj � aj � ap

� � RðzÞ
Rp

� �2

and

k ¼ kj � kj � kp

� � RðzÞ
Rp

� �2

: ð17Þ

R(z) = l(z)b(z)1/2/m(z)5/4 is the local buoyant jet Richard-
son number, and Rp = 0.63 is the plume Richardson num-
ber, evaluated from experiments by Papanicolaou [3].
Apparently, R(z) ?1 when m(z) vanishes at the terminal
penetration depth. We have considered that the entrain-
ment coefficient takes its asymptotic plume value ap, when
R(z) > Rp.
The system of three equations (10) with initial conditions
(11) was solved using a fourth order Runge–Kutta routine.
The execution of the routine was terminated, when the jet
momentum flux has vanished, once it has reached the max-
imum penetration depth. We did not carry on simulations
with reversing flow, since there is no available information
regarding the negatively buoyant jet structure. The results
of the computations for buoyancy preserving and heated
reversing jets are shown in Figs. 4 and 5, respectively, for vir-
tual origins located at the nozzle exit (z0 = 0) and 3.28 diam-
eters downstream from the nozzle. From the graphs one can
observe that the normalized estimated maximum penetra-
tion depth is rather close to the steady state terminal
penetration depth, than to the measured one for initially
jet-like flows (R0 < 0.1). Bloomfield and Kerr [20] have
made the same computation using top-hat profiles for the
mean velocity and excess density profiles and found the con-
stant to be 2.32, result that is not congruent with the present
computation, (we have obtained the same result by eliminat-
ing
p

p from continuity equation). When R0 > 0.1 one may
observe that the computed penetration depth data slope
upward when z0 = 3.28D and downward when z0 = 0.
When the flow is initially driven by both, vertical momen-
tum and buoyancy fluxes (jet is in transition from the jet-like
to plume-like), the characteristic length scale lM is reduced,
and becomes approximately equal to the jet diameter D

when R0 ? 1. Therefore, for z0 = 3.28D, as R0 ? 1 the nor-
malized elevation of the virtual origin z0/lM ? 3.3, i.e. the
virtual origin is located well above the maximum penetra-
tion depth (computed penetration data slope upward). On
the other hand, when z0 = 0 for R0 > 0.1 we assume that
ambient fluid starts to entrain from the elevation of the jet
nozzle. This assumption is incorrect since we neglect the
laminar jet regime in the few first diameters from the nozzle.
In fact, at large initial R0 there is essentially no mixing of the
jet with ambient fluid. Therefore, the measured maximum
penetration depth is bigger since the kinetic energy of the
unmixed jet fluid will become potential energy at higher ele-
vations, if compared to that reached by the slower moving
jet that mixes with ambient fluid as it is assumed by our
model. Practically speaking, application of negatively buoy-
ant jets for mixing is meaningful only when R0� 1, mean-
ing that the flow will initially be jet-like.

We repeated the computations using the MATLAB sol-
ver routines, and our results were verified. Computation
using top-hat velocity and density (or temperature) distri-
butions did not make an essential difference. All the results
are summarized in Table 4 for low initial Richardson num-
bers (initially jet-like flow).

From the results listed above and the corresponding
graphs of Figs. 4 and 5 one may note the constant of pro-
portionality takes an asymptotic value at low initial Rich-
ardson numbers. The normalized rise heights start to
diverge from the measurements at lower R0 when the vir-
tual origin coincides with the jet exit elevation, if compared
to those with the virtual origin at 3.28D proposed by List
and Imberger [5], which diverge for R0 > 0.10. In a heated



Table 4
Computed normalized terminal penetration depth of jets (R0 < 1), using Gaussian and top-hat distributions of the time-averaged velocity and density
deficiency, when the jet origin is located at the nozzle or at 3.28 diameters downstream

Type Profile aj/ap kj/kp Z/lM (z0 = 0) Z/lM (z0 = 3.28D)

Saltwater jet Gaussian 0.0545/0.0875 1.20/1.067 1.74 1.78
Saltwater jet Top-hat 0.076/0.120 1 1.84 1.87
Heated jet Gaussian 0.545/0.0875 1.20/1.067 2.26 2.33
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jet at 60 �C that discharges into water of 20 �C, the com-
puted Zmax/lM is found to be greater from that computed
for buoyancy preserving jets as expected, since the initial
buoyancy flux is drastically reduced. It has also turned
out to be higher from the measured terminal penetration
depth Z/lM. This was expected since the specific buoyancy
flux of the jet is reduced as it mixes with ambient fluid, due
to the variation of the thermal expansion coefficient of
water with temperature. Reducing the initial temperature
difference further between jet and ambient fluid, the asymp-
totic constant is lower, approaching that computed in
buoyancy preserving jets for DT0 � 5 �C.

Thus, the computed maximum terminal penetration
depth is underestimated, while the computations give
results that are close to the steady state terminal penetra-
tion depth. We were able to obtain the maximum penetra-
tion depth, by reducing the jet entrainment coefficient to a
value around 0.025 (regarding Gaussian distributions).

The dimensionless buoyancy flux obtained numerically at
different initial temperatures is depicted in Fig. 7. One may
note that the smaller the temperature difference between jet
and ambient fluid, the bigger the buoyancy flux at Zmax. For
each initial temperature difference, the buoyancy at Zmax is
increasing with R0. This is evident since when R0 > 0.1, mix-
ing is reduced drastically. For DT0 � 5 �C the buoyancy flux
is greater than 90% of the initial, at all initial flow Richard-
son numbers.

It would be interesting to examine the computed average
dilution factor S at Zmax, that is the ratio of the volume flux
of the jet at Zmax, over the initial discharge S = l(Zmax)/Q.
The dimensionless average dilution expressed as SQ/z

p
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Fig. 7. Normalized buoyancy decay in a hot water jet, predicted by the
model at Zmax versus R0 at different initial temperature differences from
ambient fluid.
plotted against R0 in Fig. 8. At low initial Richardson num-
bers (R0 < 0.1) the normalized dilution takes the value
0.285, while it increases with R0 when R0 > 0.1. The buoy-
ancy preserving jets seem to dilute faster than the heated
jets. Dilution data of hot water jets at different initial tem-
perature differences collapse to a constant when R0 < 0.1.
The computations failed when R0 > 0.4. In Fig. 9 we have
plotted the dimensionless average centerline dilution com-
puted from the data reported by Seban et al. [15] taken in
negatively buoyant hot air jets, versus the normalized dis-
tance z/lM from the source. In this graph one may observe
two things: (i) the normalized time-averaged dilution at
the centerline is constant with an average value of about
0.30–0.35 when z/lM < 1.75, result that is close to the value
0.285 we have obtained at Zmax numerically for hot water
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Fig. 9. Normalized average dilution at the centerline versus z/lM, from
data reported by Seban et al. [15].
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jets. (ii) Once z/lM > 1.75 the normalized average dilution
becomes infinite, meaning that the temperature difference
measured is quite low (measurement of intermittent jet-
ambient air temperature). In summary, one may state that
for negatively buoyant jets at R0 < 1, an average dilution
obtained can be computed from equation

S ¼ lðzÞ
Q
¼ 0:3

z
ffiffiffiffiffi
M
p

Q
¼ 0:3

z
lQ
: ð18Þ

The corresponding constant in round vertical positively
buoyant jets (z/lM < 1) evaluated from the data by Papani-
colaou and List [29] is 0.165 � 1.4 = 0.23 (the mean over
the jet cross-section temperature is approximately 1.4 times
lower than the one at the axis).
4. Conclusion

Turbulent fountains of buoyancy preserving fresh water
buoyant jets into salt water, and hot water jets into cold
water have been investigated experimentally. The results of
earlier experiments have been plotted together in order to
show the diversity of the evaluated experimental constants.
Besides the initial conditions, there are two main sources
of error in the measurement of the penetration depth, one
that is a result of the optical technique used, and the other
from boundary effects due to the tank size if compared to
that of the jets. The experiments have been performed in a
tank that is large enough, so it did not introduce consider-
able boundary effects to the jet flow field. The length charac-
teristics have been measured from videos taken over the
course of experiments, combining the flow shadowgraphs
with two grids for better accuracy in the measurement.

The maximum Zmax/lM and the steady state terminal
normalized penetration Z/lM for initially jet-like flows
(R0 < 0.1), were measured to be 3 and 2, respectively,
regardless of the buoyancy preserving or non-preserving
type of the flow. The results are in agreement with those
reported by Demetriou [16] and Zhang and Baddour [17]
regarding round jets. The same experimental constants
were found for jets with square and equilateral triangular
nozzles, with rounded corners. In the case of rectangular
jet nozzles with 2:1 side ratio and rounded corners, the con-
stants of proportionality have been found lower from the
previous, meaning that this type of nozzle is more efficient
as a mixing mechanism. This result is congruent with ear-
lier findings by Konstantinidou and Papanicolaou [24]
and Ho and Gutmark [25].

Numerical evaluation of Zmax was carried out for round
jets applying the entrainment coefficients and the 1/e jet
width ratios k for jets and plumes reported by Papanico-
laou and List [26], and considering them to be functions
of the local buoyant jet Richardson number. Using expo-
nential time-averaged velocity and density deficiency pro-
files, the constant C is found to be 1.78 (higher than 2 in
heated jets), result which is not congruent with experimen-
tal data. Bloomfield and Kerr [20] have reported a value of
2.32 for the normalized maximum penetration depth,
assuming top-hat velocity and density deficiency profiles
that is different from 1.87 reported here. We were able to
reproduce their results removing

p
p from continuity equa-

tion, meaning that the error is due to an incorrect continu-
ity equation. The constant of proportionality C = 3 can be
obtained numerically, only with dramatic reduction of the
jet entrainment coefficient to a value around 0.025.

The average dilution has been estimated to be propor-
tional to the terminal elevation, with a constant of propor-
tionality in the range 0.29 to 0.30–0.35, the first being a
numerical estimate and the second an experimental value
from the data of Seban et al. [15].

It would be of interest to investigate the velocity field of
negatively buoyant jets, by means of particle image veloci-
metry. Thus one can verify the entrainment and jet width
constants to be used, for numerical prediction of the termi-
nal penetration depth, and the average dilution of turbu-
lent vertical fountains, in a homogeneous calm ambient.
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